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THE ASYMPTOTIC FORM OF THE UNEVENLY HEATED FREE BOUNDARY OF A CAPILLARY
FLUID AT LARGE MARANGONI NUMBERS*

V.A. BATISHCHEV

formal asymptotic expansions of the solution of the stationary
problem of the thermocapillary flow of fluid in an unbounded region,
with the free boundary unevenly heated, are constructed for large
values of the Marangoni number. A non-linear boundary layer is formed
near the free surface, and selfmodelling solutions are found for this
layer near the critical point. A slow flow outside the boundary layer
satisfies the equations of an ideal fluid. An equation describing the
free boundary is obtained. When the temperature gradient vanishes,
this equation becomes the well-known equation of the equilibrium of the
free boundary of a capillary fluid. Numerical computations are carried
out to determine the form of the meniscus at the vertical solid wall,
the free boundary of the fluid poured onto a horizontal surface for the
plane and axisymmetric case, and the surface of a gas bubble adjacent
to the wall in a heated fluid.

The non-linear eguations of the stationary boundary Marangoni layer near the free
boundary of a fluid unevenly heated because of the thermocapillary effect were formulated in
/1/ and studied earlier /2-6/. Asymptotic expansions of the solution of the stationary
problem of a low-viscosity fluid flow under the action of tangential stresses were
constructed in /7/.

1. Consider the stationary problem of the flow of an incompressible fluid in an
unbounded region [ under the action of thermocapillary forces caused by uneven heating of the
free surface T, for the system of Navier-Stokes equations, with vanishing viscosity v —»0

(v.V}¥ = —p"Vp 4+ vAv + g, divv =0 (1.1}
p = 2vpn-TI-n + 0 (%, + %) + pgy 2vpll-n —
2vp (n-Tl:n)n =Vy0, (g, g, 2)ET; veun p=0, v |, =0 (1.2

#Ppikl. Matem. Mekhan. ,53,3,425-432,1989
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Here v = (v,, Iy, 1z} 1is the velocity vector, g = —ge, e, is the unit vector of the
2z axis, g is the acceleration due to gravity, n is the unit vector of the outer normal to
the free boundary, T,I1 is the deformation rate tensor, %, and %, are the principal
curvatures of the surface T, p, is the given pressure on T, ¥V, =V —(@-¥)n 1is the
gradient along I, ¢ is the surface tension, assumed to be a linear function of the tempera-
ture O =0+ or (T —T,) where o, or, T, are known constants, or << 0 and the tempera-
ture is specified along I I. is the solid boundary. The velocity field vanishes at
infinity.

When the viscosity is low, non-linear boundary layers form near the free boundary and
the solid wall. 1In an unbounded region the flow, everywhere outside the boundary layer, is
described approximately by Euler’s equations. Below, we construct the formal asymptotic
expansions of the solution of problem (1.1}, (1.2) as ~v->0. The problem reduces to dimen-
sionless form and a small parameter g = M~/s 1is introduced in which M = o | d*4p v
is the Marangoni number while d and 4 are the characteristic scales of the length and the
temperature gradient. We note that when ¢ are small, we have small v or large temperature
gradients. The dimensionless pressure p’' is defined by the relation p = Pp’ + p, where
Po = —pgz is the hydrostatic pressure and = gd™? 1is the scale of the pressure. The
characteristic velocity U =(o724%v’!p™%)s within the boundary layer near the free surface
is taken as the scale of the velocity. The asymptotic expansions of the solution of Problems
{(1.1), {(1.2) are constructed in the form

v~hyt+eh +vi+w)+.. ., ~8Fel .., p ~ A+ (1.3)
le(py+ g +r)+ ... k= ]or]|Ado,?

Here } 1is the "capillary constant” /3/ and z = [ (z,¥y} 1is the equation of the free
boundary. Let Dyr be the region of the boundary layer near the free surface, and Dy the
region near the solid wall. Then h;, go will be functions of the type representing the
solutions of the problem of the boundary layer in the region Drp;w;,r, in the region Dy,
and v,, p, will determine the solution of the problem outside the regions Dp, D.. We note
that the velocity scale, the orders of principal terms in the expansion {1.3), and the order
of the thickness of the boundary layer in the region Dp are all found from the condition
of equality of the orders of the viscous and inertial terms in the Navier-Stokes system, and
in the boundary conditions (1.2) for tangential stresses. In this case the thickenss of the
boundary layer in the region Dr is of the order of .

2. The boundary value problem for the principal terms of the asymptotic expansion (1.3)
describing the flow in the boundary layer near the free surface, is obtained by applying to
system {1.1}, (1.2) the second iterative process using the method of Vishik-Lyusternik /8/.
We introduce the local orthogonal £, ¢, 8 ~coordinates near the surface ', using the

formulas
z = X((P, 9) “’Enxr Y = Y((p, 6) — Eny: z2=2Z (¢, 0) — &n,

Here z =X (9,90), ¥y =Y (9,6), z= Z(p,0) is the parametric equation of the surface T,
§ is the distance between the point (z,y,2) and the surface T;n, »y, n, are the components
of the vector n. The surfaces ¢ --const, 8 = const form two families of orthogonal surfaces,
which are chosen so that the lines of their intersection with I’ form the lines of principal
curvatures. We assume that the segments of the normal to TI' do not intersect at sufficiently
small E.

Let  hgy, hox, hgx ~ be the components of the vector h, in local coordinates. We sub-
stitute (1.3) into (1.1) and (1.2), expand v,, p, in a Taylor series in powers of §, and
introduce the stretching transformation t = es. Equating the coefficients of £, e to
zero, we conclude that Jg, =0, and Jhg, hg Satisfy the Prandtl boundary layer equations.

Let us write a boundary value problem for hg, Hp, for the axisymmetric and the plane
case

. on ah o, D (hgfe) o

£5'heo a:;o + Hy —8 = =, ;:; S+~ (gofoHy) = 0 (2.1
oh 4 da
= — g g Hu=0(s=0) k=0 (s = o)

Hyy = kg + v Ir

Here g, gs are the Lame coefficients of the surface I. We note that in the plane
case gg =1, and in the axisymmetric case go = r, where r is the distance from the axis
of symmetry. If ¢ is the arc length along I, then gy = 1. The vector function h,
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satisfies a linear boundary value problem which is not quoted here.

We note that problem (2.1) for a plane boundary layer on a segment ¢ {0,1!] was studied
for the given initial velocity profile kg =f(s) (¢ =0) in /6/, where the conditions of
solvability were found.

Let us now give the selfsimilar solutions of Problem (2.1) for the axisymmetric case
near the critical point. We note that the solutions were found in /2/ for the plane case,
and in /5/ the Mangler transformations for the axisymmetric boundary layers near the free
surface were obtained. Let the surface tension depend on the coordinate ¢ in accordance
with the power law do/dp = a@” where ¢ is the arc length. Let us put in (2.1) g, =1, gp =
r and assume that r =r,p. We introduce the stream function + using the relations bk, =
plds, Hy = —r71d (rp)/oe, and write 1, = se™ V3, Writing ¢ in the form 1 = QUDAF, (n,)
we construct the following boundary value problem for F,(y,) (the initial profile need not
be given, since it is determined by the condition of selfsimilarity):

3R, 4+ (n+ 8 FF —(@r + (2.2}
08 p 1HF? =0
b = * ”
SN Py (0) = FY (;0) = 0, Fy" (0) = —a
\
AN 5 Integrating Eq.(2.2) on the semi-~axis (0, o) we find,
PTEA =
’ Ny L= that a{n+ 2)>0. When n =4, we have the exact
< exponential solution
s .
=3zl Fy =13 (3a)s [1 — exp (—(3a)'my)]
TSR . .
4 t 2 7 Problem (2.2) was integrated numerically for various
values of n. Fig.l shows the profiles of the functions F (0}
Fig.l {the solid lines) and F'(y) {(the dashed lines) where 7= 'y,
and F =go"/F,. The functions Fn) increase monotonically and
tend, as n-so0, to finite limits  0.7124; 05341 and 0.4386

for n=1;35 respectively.
Next we shall determine the principal term of the asmyptotic expansion for the pressure
in {1.3). Applying the second iterative process /8/ to system {1.1) projected onto the
normal to the free surface, we obtain an equation for g¢,, from which it follows that

oo o

Go = — %, hlods —x, § Hods (23)

8 8

Let us find the value of ¢, on the free surface in the plane case. We put %, ==0 in
(2.3), integrate the first equation of (2.1) with respect to § on the semi-axis {0, o0}
integrate by parts and integrate the resulting expression with respect to ¢. As a result
we obtain

b4

S Faods = 0 (¢) — o (@) + ¥, V= S fo*ds (2.4)

o

)

Here [, = hgo (5, Po) is the velocity profile in the boundary layer in the cross-section
@ = Py We note that it is convenient to choose ¢@,, such that the value of jf, is known.
Writing s=0 in (2.3) and taking into account relation (2.4), we obtain

o Ir = —%; (26 (9) — 0 (9,) + 71 (2.5)
Similar reduction in the axisymmetric case leads to the relation
¢ do
Golr = — 2188 [S 86 5o 99 + v8o fw»v.] (2.6}
Thus if the velocity profile in the boundary layer is known for some ¢,, the pressure

at the free boundary can be determined to within infinitesimals of the order of O {g), with-
out having to solve the problem for the boundary layer (2.1).

The functions v, p,, {, determining the flow outside the region of the boundary layer
and the asymptotic form of the boundary layer are obtained by applying the first iterative
process /8/ to system (1.1), (1.2). For v, p, we obtain the Euler equations of an ideal
fluid. Let us denote by T, the free boundary of an inviscid flow determined by the equation
z = Lo We introduce near I, the local orthogonal coordinates §,, ¢, 0;, where &, is
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the distance from [I',. We represent the principal curvatures of the surface [ in the form

of series ¥ = M, + &%y + ..., Hy o Hyg b &%y ..., where x4, %5, are the principal
curatures of the surface I',. Substituting the expansions (1.3) into the dynamic condition
for the normal stress (1.2) and equating to zero the coefficient of £, we obtain the
equation of the boundary ;. Taking (2.5) into account, we shall write this equation for
the plane problem in dimensional form

#1g [20 () — 0 (g + V] = pgz -+ ¢ (2.7)

Let us write the equation for I, for the axisymmetric case

¢
— . a :
U (19 + a0} + %1085" D go ‘% d¢ -+ ge ltp:to..J =pgz+¢ (2.8)

Go

We note that when A = 0 (o == const), Egs.(2.7) and (2.8) will determine the free
equilibrium surface of the capillary fluid in the gravity force field /9/ without heating.
The inviscid flow outside the boundary layers is determined by solving the boundary value
problem

(vi:Vyvy;=—V¥p;, divv, =0

virgle, = — Heg =y Vime=0, v [x=0

where mn, 1is the unit vector of the outer normal to T, n, 1is the vector of the normal to
the solid wall.

The vector function w, determines the velocity field in the boundary layer near the
solid boundary L, and compensates for the discrepancy arising when the vector v, satisfies
the adhesion condition on L. The boundary value problem for w;, r, is not given, since
these functions contribute to the equation of the free surface in the higher-order approxi-
mations, beginning with the second.

3. Let us consider the case in which the equation of the free boundary is given in terms
of quadratures. We shall assume that the flow of fluid is planar, and that there is no
force of gravity (g =0). Let ¢ be the arc length of the contour T,, and let us write
(2.7) in parametric form. We shall write the eguation of the line [, 1in the form z = z (¢),
z =1z (p) and denote by B (¢) the angle of inclination of the line element I, obtained
when ¢ increases. Then z’ = cosf,z = sinB, The equation of the boundary of T, will now
take the form

(20 (9) — 0 (@g) + V] 2" = ez’
[20 (@) — 0 (9o) + 9] 2" = =ea’, ¢ = const

where the upper and lower sign is chosen for the fluid situated below the surface I', relative
to the z axis, or above it. It can be shown that f (p) satisfies the relation

8 ke
dp — 20(p)— 0 (Po) + ¥

Now, having found f (), we obtain the equation of the boundary

¢ ¢
x:cl+§cosﬁd(p, z:c2+Ssian(p
0 o

®

B =y [20 (¢) — o (g0) + ¥]7 dg

Here ¢, ¢, determine the Cartesian coordinate of the reference point ¥ from which the
arc length ¢ is measured, and the constant ¢; is the angle of inclination of the tangent
to T, at the point V. The constant ¢ is determined from the additional conditions in each
particular case.

4. Let us determine the form of the free surface in the gravity field in the case when
the fluid is in contact with a solid vertical wall =z =0 on one side z2>0. We shall
assume that a negative temperature gradient ¢7/dp << 0 1is specified along I'. We shall
count the parameter ¢ (arc length of TI' ) from the wall in the direction of increasing z.
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We shall find the temperature distribution from the formula I — T, = AdG(p), and will
represent, in this case, the surface tension in the form ¢ = o, {{ — AG (9)), where A ==

lord {do,! is the capillary constant. We shall assume everywhere below that the function
G (¢) is piecewise linear: G(9) =1 —¢ 0 e<<1), G=0 (¢ >1), and here we have also
assumed that fo{(s) =0 in (2.7).

The eguation of the boundary layer (2.1) has in the planar case for 0 o<1, a self~
similar solution kg = ¢"d® {n)/dq where =n =s¢/» and @ (n) satisfies the boundary
value problem {2.2}) in which the coefficients n -+ 5 and 2n -+ 1 should be replaced, respect-
ively, by 2 and 1. The problem for ¢ (y) was solved in /2/ by numerical methods. Choosing
@ == 0, we find that [, = hqy lo=0 = 0. We can now write the equation of the free boundary
{2.7) in the following dimensionless form:

8 (1 + B (1 4+ 46, (9) = &B +¢ {4.1)
B = pgd’o,t, G, = G (0) — 2G (¢)

where B is the Bond number and a prime denotes a derivative with respect to z.
Let us formulate for Eq.{4.1) the boundary conditions §; (0} = tg BoyEo () =0, where

B, is the angle between the tangent to I' and the x axis at the point of contact z =0
Eq.(4.1) we integrated numerically for various values of A and f,. Fig.2 {(the solid
lines) shows the form of the free boundary for B =1, B, = —n/3  and various values of

A. The height of the meniscus } = §,(0) decreases as ) increases and reaches a value of
0.414 at ) ==0,99. We note that h =2|sinf,| when A =0 (when there is no temperature
gradient). The equation of the free boundary at A =0 can be expressed in finite form in
terms of elementary functions /9/.

In the special case when |[B,|<€1,|%  [<€1, Eq.(4.1) can be linearized and it has
the following solution:

Ey= (1 + 2hz)sB- [A, K (W' VB (1 + 2Az)) +
ALYV EBA T 2h)] 0<z<Y)

8 = dyexp (—z VBT +24) (&>1)

where K, (1), I, (f) are modified Bessel functions. The constants A,, 4,, Ay can be expressed
in terms of tgf,, and are not given here because of their complexity.

Let us determine the form of the free boundary of a fluid poured onto a solid horizontal
wall and wetting its surface in the half-space x> 0. The wetting line is z=0,z=0
Let f, be the wetting angle /9/. The equation of the free boundary is obtained by inte-
grating {4.1) under the conditions §, (0) == tg By, Eo (o0) = 0.

In the course of numerical integration, Eq.{(4.1) is written in parametric form using the
arc length as parameter, and the constant ¢ which appears in the expression for the layer
thickness H = —cB! is determined. Fig.3 shows the dependence of the layer thickness on
the magnitude of the wetting angle H (B,) for A = 0; 0,333; 0.5, with Bond numbers equal
to 1: 0.666; 0.5 respectively (curves 1, 2 and 3). We note that when §, = const and A
is fixed, the thickness H increases as B decreases, while when B =const, the thickness H
decreases as A increases (we note that H = 147 when A =099 and B =1). The dashed
lines in Fig.2 show the form of the free boundary at H = 1.9 and various vales of A. When
H is given and B = const , the wetting angle increases as the temperature gradient increases.

We note that {1.3) does not contain any functions of the boundary layer manifesting
themselves near the line of contact between the free boundary and the solid wall. Here the
asymptotic expansions are more complicated than (1.3). The equation of the boundary layer
in this region is identical with the complete Navier-Stokes equations. The functions of the
boundary layer contribute towardsthe equation of the free boundary layer only in the higher
approximations, and are therefore not given here. An asymptotic study of the Navier-Stokes
system near the line of contact is given in /10, 11/.

5. The asymptotic formof the free boundary is determined, in the axisymmetric case, with
help of Eq.(2.8). Let us determine the form of the aperture in an infinite layer of fluid
poured onto a horizontal plane. Let the temperature distribution 7 — I, = AdG(g), be
specified along the surface I where the function G (9) has been defined in the
previous case and @ is the arc length of the surface r in the axial cross-section
measured from the line of contact between I' and the wall. Choosing as before ¢, =10, we
conclude that f,(s) =0, and we write Eq.(2.8) in dimensionless form
r'z” —'r*

r

9
rey \r2Sgg = 5.1
LY (-2 @) + yrsedo=c+2B (5.1
¢
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where r(¢), z(9) are the cylindrical coordinates of the surface [I'. We write the boundary
conditions in the form r(0)y = R, z(0) =0, r (0) = cos Py, 2z’ (0) = sinfB,, where B, is the
wetting angle and R is the radius of the wetting line of TI' and the wall. The constant ¢
in (5.1} is not known, and is determined with help of the additional condition 7" {o0) = 0.
The height of the fluid layer is determined from the formula = —cB71, and system (5.1}
was integrated numerically using the Runge-Kutta method.

Fig.4 shows the dependence of the layer height on the radius of the wetting line at
B, = 150°. The Curves 1, 2 and 3 were constructed with the values of A =0; 0.333; 0.5, for
Bond numbers equal to 1; 0.666; 0.5 respectively. When A and B are fixed, the height H
increases as R increases and reaches its limit value at R = oo. When B and H are fixed,
the angle B, increases as } increases.

6. Let us determine the form of a gas bubble adhering to the horizontal solid wall in
a non-uniformly heated fluid within the gravity field. System (1.1} is solved together with

the equation of heat conduction Prv.VIl = AT, where Pr is the Prandtl number. When
e—>0, the temperature T can be expanded in a series of the form (1.3) with coefficients
Ty, O, where T} is the outer solution and @, satisfies the equation of the boundary

temperature layer.

We shall assume that a constant temperature gradient V7T, = de, 1is specified outside
the boundary layer. We find that at small Prandtl numbers Pr<, 8, = 0. Then the
dimensionless surface tension will have the form o =1 4 Az with the accuracy of up to
O (¢). The form of the free boundary is determined by Eq.(2.8), where we assume that ¢, == 0,
i.e. we choose the cross-section in the boundary layer on the axis of symmetry. It can be
shown that f, =0 in (2.8).

We note that when ¢ -—0, (2.8) yields

z=Ye@t + ..., r=reo+ ..., dolop = Yo + . ..

{r is the distance along the axis of symmetry and g is the arc length of T). The solution
of the equation of the boundary layer can be expanded near the critical point in a series in
powers of @, with the coefficients depending on s, kg = @F," (s) + ..., where the function
Fy(s) satisfies Eq.(2.1) and n=1. This implies that f, =0 in (2.8).

Thus the form of free boundary layer z = §,(r) satisfies the equation

W o A Ceg) s MR g 61
A A %o ng"r)+rV1+aﬂ” ot ©h

0

When numerical integration is carried out, Eq.(6.1) is written in parametric form with
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the arc length used as the parameter. The angle f, where =& —f is the wetting angle, the
constant A, the dimensionless volume of the bubble V¥ =1, and the Bond number were all
specified, while the constant ¢ and the radius R of the wetting line were determined.

When r— 0, the solution was expanded in a series in powers of ¢ /9/ and it coalesced
with the numerical solution.

Fig.5 shows the dependence of the radius R of the wetting line on the angle B for B = 0;
B=041 and B =1. The curves 1(B=1) and 2 (B = 0.1) correspond to the absence of a
temperature gradient A = 0. When A increases while B and B are fixed, the radius R
decreases and vanishes for some values of A=A, and c¢=p¢,. For example, A, = 0.022;c,
=2182 for B=04;p==n and A, =0.23;c, = 2.063 for B =1;f =mn Curves 3 and 4
correspond to A =0.022; B =01 and A = 0.3; B = 1.The bubble becomes detached from the
wall when A = A,, ¢ = c4. For A > A, the bubble can also become detached from the wall, and
will be in a state of equilibrium under the action of gravity and thermocapillary forces,
while the free surface will have a cusp. Note that the radius R may become zero when A; <A, <

A, , for example A, =0.022 and A, = 0.047 when B = 0.1. Curve § corresponds to A =0.047
(B =0.1). when A > 1, , the integral curves of the equation may int?rsect the z axis in tve r, z-
plane for certain values of ¢. This does not happen when there 1s no temperaFuFe gradlent /9/.
Part of the curves has a form typical for the integral curves of the free equilibrium boundary
(A =0) for positive overloads (¢ >0), and another part for negative overloads /9/.

When there are no gravitational forces (B =0)R=#0 for all B, and A>0. The
bubble adheres to the wall under the action of the thermocapillary forces. Curves 6 and 7
in Fig.5 correspond to the value A =0.01 and A= 0.1. When A is fixed, there exists
a maximum value of the angle of contact B,, for example f, = 163° when = 0.01. Com-
putations have shown that when B is given, the free surface is stretched along the 2z axis
as A and ¢ increase.
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